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ABSTRACT

A detailed study of the refraction of an ordinary wave in the magnetosphere of radio pulsars was carried out. For this, a consistent
theory of the generation of secondary particles was constructed, which essentially takes into account the dependence of the
number density and the energy spectrum of secondary particles on the distance from the magnetic axis. This made it possible
to determine with high accuracy the refraction of the ordinary O-mode in the central region of the outflowing plasma, which
makes it possible to explain the central peak of three-humped mean radio profiles. As shown by detailed numerical calculations,
in most cases it is possible to reproduce quite well the observed mean profiles of radio pulsars.

Key words: polarization — stars: neutron — pulsars: general.

1 INTRODUCTION

Over the past 50yrs, a huge amount of observational data has
been accumulated on the mean profiles of the pulsar radio emission
(Lyne & Manchester 1988; Weltevrede & Johnston 2008; Hankins
& Rankin 2010). So far in many studies, the analysis of the mean
profiles was carried out within the framework of the Rotation Vector
Model (RVM, so-called hollow cone model; Radhakrishnan & Cooke
1969; Oster & Sieber 1976), in which, in particular, rectilinear wave
propagation in the magnetosphere of a neutron star was assumed. In
this case, it is also usually supposed that the polarization properties
of radiation are determined by the structure of the magnetic field in
the generation region.

It is clear that within the framework of such a simplified model,
many properties of the mean profiles cannot be explained. For this
reason, the hollow cone model has undergone significant modifica-
tions (see e.g. Shitov 1983; Blaskiewicz, Cordes & Wasserman 1991;
Dyks 2008; Rookyard, Weltevrede & Johnston 2015). One of them
is related to the effects of wave propagation in the magnetosphere of
radio pulsars which can affect the formation of mean profiles. These
include the effects of refraction (Barnard & Arons 1986; Beskin,
Gurevich & Istomin 1988), cyclotron absorption, which can reduce
the intensity in different phases ¢ (Mikhailovskii et al. 1982; Kennett,
Melrose & Luo 2000; Melrose & Luo 2004), as well as the effects
of limiting polarization (Cheng & Ruderman 1979; Barnard 1986;
Petrova 2006; Andrianov & Beskin 2010; Wang, Lai & Han 2010;
Beskin & Philippov 2012; Wang, Wang & Han 2014; Hakobyan,
Beskin & Philippov 2017).

One of these unsolved problems is the question of the so-called
triple pulsars, i.e. pulsars with a three-humped mean profiles. For
some of them, shown in Table 1, linear and circular polarization
unambiguously indicates that the mean profile is formed by only one
orthogonal mode. This follows from the fact that for these pulsars
the position angle p.a. of the linear polarization is well defined, and
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they have different signs of circular polarization V and the derivative
dp.a./d¢ (Andrianov & Beskin 2010; Beskin & Philippov 2012). For
the sake of completeness, the table also includes pulsars for which
the formation of a mean pulse by one single mode is questionable.
It is clear that such a triple-peak behaviour is difficult to explain in
terms of the standard hollow cone model.

Here, however, it is important for us to emphasize the following.
Among the pulsars collected in the table, there are five objects in
which the average profile is formed by the ordinary O-mode only.
Wherein, as we can see, for all these pulsars the position angle
within the mean profile changes by an amount of the order of
180°. Therefore, it can be assumed that the formation of the mean
profile in these pulsars is associated with the refraction of the O-
mode for central passage of the line of sight through the directivity
pattern.

Another fact speaks in favour of this interpretation. All of these
five pulsars have parameter Q = 2 P! P:IOS'4 greater than unity. Here
P is pulsar period in seconds, and P_;s = 101 P is its derivative.
As was shown by Beskin, Gurevich & Istomin (1993), this implies
that all these pulsars are located near so-called ‘death line’ on
the P — P diagram. Hence, for these pulsars, in the centre of
the directivity pattern one should expect a significant decrease in
the radiation intensity associated with a decrease in the number
density of the emitting plasma (Ruderman & Sutherland 1975). And
this, in turn, can significantly affect the refraction of the ordinary
mode.

In this paper, we discuss in detail the influence of ordinary wave
refraction on the formation of the mean profile of the pulsar radio
emission. At present, the theory of refraction of the ordinary O-
mode in the magnetosphere of radio pulsars has been developed in
sufficient detail. Back in 80s, Barnard & Arons (1986) showed that
in very strong neutron star magnetic field B ~ 10'> G the refractive
index can be written as
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Table 1. Pulsars with triple mean profiles taken from Rankin (1990). Position
angle changes Ap.a. and inclination angles x are taken from Lyne &
Manchester (1988). Five triple pulsars are definitely associated with O-mode
only.

PSR P (s) P_is Ap.a. (°) x ©) Q mode
B0329+54 0.71 2.05 180 30 1.0 (6]
B1055-52 0.20 5.84 90 - 0.2 X
B1237+25 1.38 0.96 180 48 2.9 0,X
B1508+4-55 0.74 5.00 180 80 0.8 0,X
B1600—49 0.33 1.02 180 - 0.6 0,X?
B1700—-32 1.21 0.66 180 47 2.9 (6]
B1804—08 0.16 0.03 180 47 1.1 (6]
B18214-05 0.75 0.23 90 28 2.6 0,X?
B2003—-08 0.58 0.05 90 13 3.6 0,X?
B2045—-16 1.96 10.96 180 37 1.6 (6]
B2111+46 1.01 0.71 180 9 2.3 (6]
B2319+4-60 2.26 7.04 90 19 2.2 X?

Here wpe = (47w e*ne/m.)" is the electron plasma frequency, 6y, is the
angle between wave vector k and external magnetic field B, and y
is the Lorentz-factor of outflowing plasma. Recently, Mikhaylenko,
Beskin & Istomin (2021) have shown that, for superluminal O-mode,
the averaging <. .. > over particle energies remains valid for a fairly
wide particle energy distribution (when it is necessary to take care
putting v = c in the expression w — kv).

It is clear that the refraction of an ordinary wave substantially
depends on the transverse profile of the number density 7.. In what
follows, we write it down in the form

ne Z)tg('l,(l)m)n(}], (2)

where r, and ¢,, are magnetic polar coordinates at the star surface.
Here

|2B]

2mce

3

ngy =

is the Goldreich & Julian (1969) number density giving diminishing
ngy & r3 via decreasing of the magnetic field B, A = constant is
the multiplicity, and the profile g(r,, ¢,,) determines the transverse
distribution of the number density. Wherein, we assume that

/g(rl’ @m)ridride, = TR @)

On the other hand, for the process of generation of secondary
particles produced by one primary particle, we will also determine
their number by the quantity A, which in this case we will call the
multiplication parameter.

It must be said that both in the original (Barnard & Arons 1986) and
in many subsequent (Beskin et al. 1988; Hakobyan & Beskin 2014)
works devoted to refraction of the ordinary O-mode, the simplest case
g(r1,¢,,) = constant was considered. The first results on the influence
of a strong dependence g(r,) on r; (as was just predicted by the
hollow cone model) were obtained by Lyubarskii & Petrova (1998)
and Petrova & Lyubarskii (2000). In particular, it was shown that for
the central passage of the line of sight through the directivity pattern,
a third central hump may appear in the mean profile of the radio
emission. However, in these works as well as in almost all subsequent
works (Andrianov & Beskin 2010; Wang et al. 2010; Beskin &
Philippov 2012; Hakobyan et al. 2017; Galishnikova, Philippov &
Beskin 2020), profile g(r., ¢,,) was modelled very roughly.

Thus, one of the main tasks of this work is to determine accurately
the profile g(r, , ¢,,) giving us the distribution of the number density
ne over the polar cap. Despite the fact that the question of particle
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Figure 1. Lorentz-factor y = &£ /mec? of a particle accelerated from the
surface of a neutron star obtained by solving equation (35) for two values of
the pulsar period P for small (Q < 1, top) and large (Q > 1, bottom) parameter

0.

production has been actively discussed since the early 80s (Daugherty
& Harding 1982; Gurevich & Istomin 1985; Hibschman & Arons
2001; Arendt & Eilek 2002; Istomin & Sobyanin 2007; Medin &
Lai 2010; Timokhin 2010; Timokhin & Arons 2013; Timokhin &
Harding 2015), the dependence on the distance to the axis has not
yet been determined. For this reason, model profiles have been used
so far, which have not relied on any detailed calculations (Lyubarskii
& Petrova 1998; Petrova & Lyubarskii 2000; Beskin & Philippov
2012; Hakobyan et al. 2017). In addition, as one can see from
equation (1), to determine the value < a)ge /y? > we also need to
know the polar cap distribution of the energy of secondary particles.
Section 3 will be devoted to this issue. Here, we show how one
can evaluate the dependence < a)ge /y3 > on ry for small r, from a
simple consideration.

Indeed, it is natural to relate number density of secondary particles
to the number of y-quanta that are capable of producing a secondary
pair above the polar cap. Assuming that the number density of
primary particles npy, accelerated near the neutron star surface does
not depend on the position on the polar cap, one can write down
A~ Ene ®)

min
Here &4 is the total energy emitted by a primary particle on the
length L, and &y, is the characteristic energy of a y-quantum, the
free path length /y of which (see below)

Be; mec?
Bo Sph

ly R (6)
does not exceed the radius of a neutron star R (i.e. the scale at which
the decay of the magnetic field begins to strongly affect the rate of
pair production). Here B, = m2c?/eh ~ 4.4 x 10" G is the critical
magnetic field, & = hw is a photon energy, and R, is the curvature
radius of the magnetic field line. As a result, we obtain for /[y ~ R
B R.

Emin ~ Bizﬂ?meC% (7)

As for the total radiated energy .4, there are two limiting cases.
As will be shown below (see Fig. 1), for pulsars with sufficiently long
periods P > 1s, the energy of primary particles after acceleration
remains practically constant. In this case, one can write down

dgprim
d/

grad ~ L, (8)
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dgprim 62 gprim N
a R2 \mec?) ©)

It gives for L ~ R and &y ~ constant
rg(ry) oc RT3 (10)

Using now standard evaluation for the curvature radius of the
magnetic field line near magnetic axis R, ~ R/r, we obtain

rg(ry) ocrs. (11)

On the other hand, in fast pulsars, the primary particles lose almost
all the energy acquired in the acceleration region: &g ~ ey. For ¢
~ constant it gives A g(r;) o< rj.

Finally, if we assume, as is usually done within the framework
of the Ruderman—Sutherland model, that the secondary plasma is
produced above the vacuum gap in the region of zero longitudinal
electric field, then, as is well known, the secondary particles, after
emission of all transverse energy due to synchrotron radiation,
acquire the energy y.im.c?, where y. ~ R./l. Substituting again
lp ~ R we obtain

R

yi =k x 100 P2 (—(’) (12)
ry

were k =~ 1. Here we include into consideration that polar cap radius

Ry ~ (QR/c)"?R. 1t finally gives for slow pulsars

2

< % > X rﬁ. (13)
As will be shown in Section 3, all these asymptotic behaviours are
indeed realized with a good accuracy.

The paper is organized as follows: In Section 2, we discuss
the accelerating potential which is necessary to fix the energy of
primary particles. In particular, we include into consideration the
general relativistic correction. Further, in Section 3, we determine
both the spatial and energy distributions for the first (curvature) and
second (synchrotron) generations. In general, we follow the approach
developed by Hibschman & Arons (2001). We show that the simple
relations (11) and (12) defined above for the dependence of the
number density and the characteristic energy of secondary particles
on the distance from the magnetic axis r, are satisfied with good
accuracy. Finally, in Section 4, the results of calculating the profiles
for five O-mode pulsars with triple profiles listed in Table 1 are
presented. Good agreement of the obtained results with observational
data is shown.

2 THE ENERGY OF PRIMARY PARTICLES

2.1 Accelerating potential

To begin with, let us discuss the electric potential y accelerating
primary particles in the polar region. Here, as a starting point,
we use the results of recent numerical simulations (Philippov,
Spitkovsky & Cerutti 2015; Timokhin & Harding 2015; Philippov,
Timokhin & Spitkovsky 2020; Cruz et al. 2022). Recall that their
main difference from the original models (Ruderman & Sutherland
1975; Arons 1982) is that the process of particle production is
essentially non-stationary. However, at the same time, the plasma
sometimes completely leaves the polar region. This implies that at
these moments a vacuum gap appears above the polar cap, as was
predicted by Ruderman & Sutherland (1975). It is not surprising,
therefore, that the effective accelerating potential determined by
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Timokhin & Harding (2015) coincides with good accuracy with
the Ruderman—Sutherland potential. Therefore, in what follows we
assume that the vacuum gap model is an adequate approximation
for describing the production of particles in the polar regions of a
neutron star.

Thus, below we define the potential drop as

Yrs ~ 27mpai H, (14)
where H is the inner gap height, and

Q@B

Ime (15)

PG = —

is Goldreich & Julian (1969) charge density. Note straight away that
paG1 X Beos 0y, where 604, is the angle between angular velocity 2 and
magnetic field B. Finally, according to Timokhin & Harding (2015),
RS height Hgg can be written down as

Hgs = 1.1 x 10*| cos 6,| "R P/ B}, "em. (16)

Here and in what follows the magnetic field B, at the magnetic pole
is expressed in 10'2 G, pulsar period P in seconds, and curvature
radius R 7 in 107 cm. In equation (16), as in Novoselov et al. (2020),
we add the dependence of charge density on the angle 8}, between
magnetic field and rotational axis into consideration. It is easy to do
if one change 2 to 2|cos 8y|. In what follows, it is the dependence
of the curvature radius R. on the distance from the magnetic axis
that will allow us to obtain the spatial distribution of the secondary
plasma.

Recall, however, that the RS potential was obtained under the
assumption that the gap height H is much less than the radius of the
polar cap Ry. At least, it is clear that this potential cannot be greater
than the potential drop ¥, corresponding to full vacuum within open
magnetic field line region. In any case, expression (14) cannot be
valid for r;, = 0, when R, — o0, and for r; — Ry when ygg # 0.

To determine the vacuum potential drop v, it is necessary to
solve Poisson equation Vzw = 47 pgy with boundary conditions
(see Beskin & Litvinov 2022 for more detail)

Y(r=R,0,¢9)=0, a7

Y(r,0 =0(r), ) =0, 18)

(r, 6, and ¢ are polar coordinates), where for small angles 6

R\
Oo(r)=<F> . (19)

Here we use dipole geometry B = (3(nm)n — m)/r3. As a result,
Poisson equation looks like

10 [,y 1 9 /. oy 1 Py
— - — 60— G o
r2 or (r ar> + r2sin® 00 (sm 0 + r2sin 6 dpZ
QBy R? 3. ‘
= -2 - cos@cosx—i—ism@sm(pmsmx s
r

(20)
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Figure 2. 2D secondary particle distribution n(r} ) (equation 57) generated
by homogeneous primary particle distribution npyim = 1 for ordinary pulsar
(P=1s, B =1, x =0°) with (top curve) and without (bottom curve)
general relativistic corrections.

generation |, n{Y) (P =0.8s,B1; =1, y = 30°)

- Xo = 0.2

xp=0.3

« Xxp=04

- Xo = 0.5

+ Xxp=0.6

S « Xx0=07
< xp = 0.8

1072 e
..::1l‘ \\\\
10 10° 10 10°

Figure 3. Energy distribution ng)(yi) of generation I secondary particles
(64) for different distances xq of the primary particle from magnetic axis for
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Figure 4. Dependence of the efficient Lorentz-factor ys = <1/y3 > ~13 on
the distance x( of the primary particle from the magnetic axis (generation I).
Fitting line corresponds to the slope ys = 120 x; I
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which gives for electric potential i (Beskin & Litvinov 2022)

1 QByR2
2

ry : (0) / 7A50)R/R0 )
[1— (R—O) —Zci <E) Jo(A rJ_/RO):|

i

3 QBR] . , oo\ (1N
= sin @,, sin — ==
T ek X\ R TR \R

(IR
=> e (E) Ji("r L/ Ro)

Here yx is the inclination angle between magnetic moment m and
rotation axis, / is the distance from the star centre, A; are the zeros of
Bessel functions Jy; (x), and the values cfo) and cfl) are the expansion
coefficients giving ), cEO)Jo(A?x) =1-x%and ¥, cEI)JI Mx)=
x — x3. As aresult, we have for vacuum potential drop ¥

1 QByR? r?
Wv('l’ §0m) =3 970 (1 — %) Cos x
c R;

2

+ 3 QB()RS ry ri . . (22)

= — — — | Sin s .
§ cR \R, Ry ominX

YL, om 1) = o8 x X

. 1)

Thus, in what follows we put potential drop ¥ in the form

¥ = min(Yrs, Yv). (23)

2.2 General relativistic correction

As is well-known, the effects of general relativity and, in particular,
the frame-dragging (Lense—Thirring) effect, under certain condi-
tions, can play a significant role in the generation of secondary
plasma near the polar caps of a neutron star (Beskin 1990; Muslimov
& Tsygan 1992; Harding & Muslimov 1998; Philippov et al. 2015,
2020). For this reason, below we estimate all possible corrections
that can affect the production of secondary particles. For simplicity,
we restrict ourselves to only the first order in the small parameter
ro/R, where ry = 2GMIc? is the black hole radius of corresponding
mass.

Starting from time-independent Maxwell equation in the rotation
reference frame (see Thorne, Price & Macdonald 1986 for more
detail)

Vx(@E+BxB+ prxB)=0, (24)
where « is the lapse function (o> ~ 1 — ry/R), B is Lense-Thirring
vector (Y = —w) and By = & x r/c, we obtain

aoE+Bx B+ BrxB=—-Vy. (25)

For p. = 0 it gives

\Y <val> =47T,0(;J, (26)

where now the Goldreich-Julian charge density looks like
1 Q—
Pe1 = ——vk( “’v’fw). 7
82 ac

As we see, the first relativistic correction (1 — w/€2) appears in
the expression for pg; where the ratio w/2 depends on neutron star
moment of inertia I, ~ MR*:

w Lry
Q  MR3

(28)
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Figure 5. Energy distribution n(ﬁ)(yi) of the generation II secondary
particles (64) for different distances xo from magnetic axis for P = 0.8s,
magnetic field Bj; = 1, and x = 30°.

Thus, this correction just corresponds to small value r,/R under
consideration. It is nice that the characteristic scale of the changes
in all the relativistic corrections is R, while the scale of change
in ¢ is Ry < R. Therefore, one can consider all relativistic
corrections as constants, which allowed us to put r = R in
equation (28).

The second relativistic correction appears in the expression for
magnetic field flux

in2 3
W =27 |m| 2 (1 i ffg) . (29)
r 4 r

As for small angles 6 one can put sin6 = r, /r, i.e. to write down

7 3.\ !
2 - 1+=2) 30
* 2ﬂ|m|y ( +4y G0

where x = r; and y = r, we obtain for curvature radius R. ~ 1/y/,
the following correction R. gr = KcurRc, Where

1r
K= (1-22). 31
(1-3%) e
Next, for polar cap radius Ry, gr = KcopRo we have
3r
Kep=[(1-22). 32
= (1-3%) @)
Finally, equation (26) in cylindrical coordinates looks now like
a2 ? oy oy 2QB, 31y w

As a result, we obtain for the general relativistic correction for
symmetric potential ¥ gr(r1) = Ky ¥ (r1) at distances h > Ry over
the star surface

f=(-2) (-7

Thus, the effects of general relativity do turn out to be significant
in the analysis of the formation of secondary particles. However,
for simplicity, below we do not write out the corresponding modi-
fications; they will only be included into consideration in the final
results.

2.3 The energy of a primary particle

Finally, in order to begin discussing the question of the secondary
electron—positron plasma production, we need to determine the
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energy of the primary particle &. In general case, the equation of
motion looks like

dé&. 2 &2 Ee 4

=eE — - — . 35
a T3 R? (mcc2 (33)
Here E| = —0v/0l, and R, again is the curvature radius of the

magnetic field line. Accordingly, the second term is responsible for
curvature losses.

Fig. 1 shows the dependence of the energy &£ on the distance
from the star surface 4 for the vacuum potential v, (equation 21) for
two different pulsar periods P corresponding to small (Q < 1, top)
and large (Q > 1, bottom) parameter Q. As we see, for Q > 1 the
energy losses described by the second term in equation (35) become
negligible, so the condition &.(I) = ey (I) — ey (ly) (Io is the particle
starting point) is met with good accuracy. In this case, the energy of
the primary particle reaches a constant value at a height 4 =~ R. For
the RS model with Hrs < Ry this happens at even lower altitudes.

On the other hand, for shorter periods P, the particle energy does
not reach the maximum possible values eAys, and subsequently
decreases with increasing the distance from the neutron star surface.
However, as shown in Table 1, all the pulsars of interest have the
parameter Q > 1. On the other hand, generation of curvature y-
quanta converting later to secondary pair takes place at the distances
h up to star radius R. For this reason, in our calculations, we will
neglect both the acceleration region and the dependence of the energy
of primary particles on the curvature losses.

3 GENERATION OF SECONDARY PAIRS

3.1 Photon free pass

As was already noted, in general we follow the approach developed
by Hibschman & Arons (2001). Wherein, the main difference is that
we obtain the dependence of the energy spectrum and multiplicity A
of the particle production on the distance r; from the magnetic axis.

To determine the free path length of a photon exactly, it is necessary
to use general expression for the probability w; of photon production
at a length d/ (Berestetsky, Lifshits & Pitaevsky 1971)

3V3 B sin@b(l)e ( 8 Be mec?
= —— ———¢eX —
16v2 P\73 B sina0) &

Here again By, = m2c®/eh ~ 4.4 x 10" G is the critical magnetic
field, £, = hw is a photon energy, and 6, is the angle between the
wave vector k and the magnetic field B. As a result, the free pass
length /,, is to be determined from the condition

IV
/ dw; = 1. 37)
0

As to photon energy &, in most cases (see e.g. Philippov et al.
2015, 2020; Timokhin & Harding 2015), it was assumed that all the
photons emitted by primary particles with the energy &, = yem.c?
are radiated at the characteristic frequency (Landau & Lifshits 1971)

w;

) dl. (36)

hm.c3

_3c 5

==—3 38
chye (33)

W
Below we exactly include into consideration the spectrum of the
curvature radiation (i.e. the energy radiated in the frequency domain
dw at the distance d/)

ﬁ e?

dl = EC—RC)/EF(Q)/wC)dwdl, (39)
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Figure 6. Dependence of the efficient Lorentz-factor y5 = <1/y3 >~13

on the distance xy (generation II). Fitting line corresponds to the slope
¥s = 1055 "

Table 2. Tabulation of the function L(xo, x] , &) (equation 47) for xo = 0.6
and for different values x .

hiR 00 0.1 0.2 0.3 0.4 0.5 06 07
0.599 1.0 1.4 1.9 2.6 3.4 43 54 67
0.59 1.5 2.0 2.7 3.4 43 5.4 6.6 8.1
0.58 19 25 33 4.1 5.1 6.3 77 93

Table 3. Multiplication parameters A1 and Ay for two generations I and II
for different values xq of a primary particle (Bja = 1).

P=038s P=1.0s P=12s
Generation MM A A A1 MM A1
0.1 81 59 2 0 0 0
0.2 491 1279 69 50 0 0
0.3 869 3598 225 326 4 1
04 1169 6047 385 801 14 6
0.5 1350 7801 469 1126 20 10
0.6 1443 8568 457 1057 16 8
0.7 1356 7285 320 565 6 2
0.8 825 2882 90 82 0 0
0.9 78 67 0 0 0 0
total 803 4055 209 419 6 3
where

00
F(&) =$/€ Ks/3(x)dx, (40)

K53 is the Macdonald function, and § = w/w,, has a rather long
tail. As a result, curvature photons will have different energies, and
therefore different free path lengths . Moreover, as is well known
(Sturrock 1971; Ruderman & Sutherland 1975), relations (36)—(37)
give with a high accuracy for small enough free pass lengths I, < R

8
3A

lo =

A0=]H|:

B mec?

‘B ho
Here A = 15-20 is the logarithmic factor: A &~ Ay — 3In A, where

e’ wpR.

he

(5) (

mec

En
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3.2 First (curvature) generation

To determine the rate of the secondary particle generation, we start
from one particle moving along magnetic field line intersecting the
star surface at the distance ry from the axis. Due to equation (39),
this primary particle produces dN photons in the frequency domain
dw at the path dh

a _ V3 &

veF(w/we)
deh ————d

27 cR(h)  hw

On the other hand, frequency w determines the free path I, =1, (w)
which, in turn, determines the foot point of the magnetic field line
r, at which the secondary pair is created

30
FL=<1—8RVZ>}’().

Note that in a dipole magnetic field, this expansion does not contain
the corrections o hl},/R2 (and, certainly, it does not contain the term
o B2R* as ry = rg for I, = 0).

As we show below, the leading term in equation (1) is enough
for our consideration. On the other hand, in what follows to
determine with the required accuracy the exponent in the pair creation
probability w(fy) (equation 36) we use exact expression for the
angle 6, between magnetic field B and the wave vector k. In a dipole
magnetic field for y-quanta radiated tangentially at the height 4 it
looks like

wdh. 43)

(44)

3 r()ly
O = 1 Ff(h)’ (45)
where the correction function can be written down as
h\'? Ly  h\
h=|[|14+— 1 — . 46
fh) ( + R) ( tep R> (46)

Here we introduce by definition another correction function £(h) as

Ly (o, h) = L(h) o, @7
where by definition

32 R? B, mec?
w)= 7 — (48)

9A ro B() hw

is the y-quantum free pass in the case [, < R with the starting point
h = 0. Coefficient L£(h) due to the strong nonlinearity of the problem
for h ~ Iy ~ R should be determined numerically by direct integration
equation (37) for probability w,(h) corresponding to starting point /
at which photon free pass is equal to [, (see Table 2). Certainly, as
one can see, L — 1 for h — 0 and I, — 0 (r, — r9). Finally, for
primary particle moving along magnetic field line we have

4 R? h\'?
Ro=-—(14+=) .
¢ 3}’0<+R>

Thus, one can write down for the , distribution of the secondary
particles

V3 ey Flw/we) do
AN = X2 = T T " dry dh.
* 2m h¢ R.w L

dr 1
To determine the derivative dw/dr | , one can rewrite the relation (44)
as

L)  2v2 (rg—r))'?

49)

(50)

R ~ /3 nn eh
0
It finally gives
ldo 1 wdC\™! 52
a)er__Z(ro—rJ_) L dw
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Figure 7. Total multiplication parameter A(xp) = A1 + Ap of secondary
particles of the first and second generation for pulsars with periods P = 0.8 s
and P = 1 s as a function of coordinate xo of a single primary particle. The
dashed lines show how well the relation A xg holds for small x. Solid lines
show how the parameter < wge/ ¥3 > depends on xo.

Within our approximation (44), the value of £ does not depend on
o (both free path lengths Iy and [, are mainly determined by the
exponent, i.e. both depend on w as w™1), and therefore below we do
not take into account the logarithmic derivative w/L£(dL/dw).

As aresult, we obtain for linear distribution of secondary particles
dNi i ng)(x 1)dx, created by one primary particle moving along
magnetic field line with foot point distance from the axis ry

343 ¢ Ry xo H dp

m _ V2 an
ne () = TR Gz 7 Yelo. MF (@), (53)
where now

R
£ 64v2 Be R* (1+h/R)  L(xo,x1,h) 54)

27J3A Bo Ro 73 (x0, h) X04/X0+/X0 — X1
Here we introduce by definition two dimensionless parameters

X0 = %; X, = %0. (55)
Note that expression (53) has no singularity at x; = xq, since the
argument £ (54) tends to infinity for x; — x( resulting in F(§) — 0.

As for the upper integration limit A, it can be set equal to infinity,
since, as shown in Table 2, parameter £ introduced above increases
rapidly with increasing . Therefore, already at 4 ~ R, due to the large
value of the argument £ in (53), the integrand becomes exponentially
small. For this reason in what follows, we do not denote the limits of
integration over h.

Finally, if the primary particles have 2D spatial distribution dNpim
= Nprim(0, @m)rodrode,, within the polar cap, we obtain for 2D

= n:t)(rJ_» (pm)rldrj_d‘pm

Ro Flw/w) d
n) = / rodr / g rE@led do | (56)
27r he R.owr | dr|

number density of secondary pairs dNV i

It gives

1) 3\/§ 62 Ro
L) = e he R

1 2
/ xydxg
x, X1(xo —x1)

On Fig. 2 we show 2D secondary particle distribution 74 (r))
(equation 57) generated by homogeneous primary particle distribu-
tion Apiy, = 1 for ordinary pulsar (P =15, Bj; = 1, x =0°) with (top
curve) and without (bottom curve) general relativistic corrections

dh
?Ve(xOv h)F(S)nprim' (57)
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described in Section 2.2. Corresponding multiplicities are Agr = 845
and A = 651. To determine the relativistic corrections, we chose the
values M = 1.4 Mg for neutron star mass, R = 12 km for that radius,
and I, = 150 Mg km? for moment of inertia (see Greif et al. 2020
for more detail). Fitting curves for x; < 1 correspond to asymptotic
behaviour 74 o x3 (equation 11) which, as we can see, perfectly
matches the results obtained.

The approach we have considered above also makes it possible
to estimate the energetic spectrum of secondary particles. Let us
first consider again the spectrum of secondary particles, which
is generated by one primary particle. Then equation (50) can be
rewritten as
V3 e yeF(w/o) do

—dyy dh. (58)

ANy =
27 he R.w dys

On the other hand, as one can easily show by passing to a reference
frame in which y-quantum propagates perpendicular to the external
magnetic field, after an almost instantaneous transition to the lower
Landau level, the energy of secondary particles can be written as
y +mec® where

Yt = eflb (59)

Hence, expressions (45) and (59) can be written down as

yi= 4 Iﬁ # (60)
3 rolo L(h) f(h)

so that

tao 1 o

o dys Y+

As a result, we obtain for the first (curvature) generation energy
distribution d NV i (ye) = ng)(yi) dy. produced by one primary par-
ticle with foot point x,

.y = 3V3 e R / dh ye(xo, )
ny'(yx) = P — R xoF(&), (62)
where
64 By R>L(h)f(h)(1+h/R)
Tuam R owim " Y

Accordingly, for the continuous distribution of primary particles
Npim(X0, @) we obtain for generation I energy distribution of sec-
ondary particles

3\/3 e R2 1

nPlye) = —— Sr e R2VLVE

/ %Ve(m ) F(&)Rprim. (64)
Fig. 3 shows the energy distribution of secondary particles nﬂ)(yi)
(62) for different distances x( of the primary particle from magnetic
axis and for standard values P = 0.8 s, magnetic field Bj, = 1, and
x = 30°. It is clearly seen that at low particle energies, the relation
)(y ) x y74/ % is fulfilled (cf. Gurevich & Istomin 1985). This
asymptotlc behaviour can be easily obtained from relation (64), since
F(£) o< €' for £ « 1. We also note a sharp drop in the distribution
function at low particle energies, when the magnetosphere becomes
transparent for y-quanta. As expected, the obtained spectra are quite
similar to the spectra obtained by Hibschman & Arons (2001).
Further, Fig. 4 demonstrates the dependence of the efficient
Lorentz-factor y, = <1/y® > ~3 on the distance x, of the primary
particle from the magnetic axis. Fitting line corresponds to the slope
vs = 120 x, ! in excellent agreement with power dependence (12).
Hence, the estimate < w?,/y* > o< r§ (13) remains valid as well.
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generations | + I, n+ (P=0.85,B12 =1, x = 0°)

—— Juttner, p = 2.3
—— Juttner, p=3.1
e Xx5=05
. Xu=0.8
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Figure 8. Distributions of the secondary particles as a function of their
longitudinal 4-velocity u' in the plasma rest frame for two values xp = 0.5 and
xo = 0.8. Curve lines correspond to Jiittner distributions (80) with parameters
p=23andp=3.1.

3.3 Second (synchrotron) generation

As is well known, synchrotron photons emitted by secondary
particles play a significant role in the generation of secondary plasma
(Daugherty & Harding 1982; Gurevich & Istomin 1985; Istomin &
Sobyanin 2007). The point is that the secondary particles are born
with nonzero angles 6, to the magnetic field. As was shown by
Beskin (1982) and Daugherty & Harding (1983), for not so large
magnetic field By ~ 10'> G one can use the classical approximation

ep = by, (65)

where 6, is given by equation (45). Accordingly, the energies of
secondary particles at the moment of their birth y mam.c? are equal
to each other, so that

1 ho

Ymax = 5 .
2 mec?

(66)

To determine the frequency @ spectrum of synchrotron photons,
it is convenient to start with the standard form of the single particle
emission (see e.g. Istomin & Sobyanin 2007)

V3 do ,
AN = e / 0(t)F (o' Jwy)dt, (67)
where now
3
0y =7 wp AGYAG) (68)

and subscript 1 corresponds to particles of the first generation.
Accordingly, the expression for synchrotron energy losses looks like
(Landau & Lifshits 1971)

2 2
dy1_26w322
N

- _= B 69
dr 3 mec? ¢ ©9)

We remind that the synchrotron radiation time is so short that one
can assume that all synchrotron photons are emitted at the point of
production of the secondary pair. Using now the ratio between the
current values y{(f) and 0(¢)

1

— = l—vj(l-i-Hz) (70)
vi c .

where v = constant (1 — vﬁ/c2 = 1/y2.), which gives for v ~ ¢

)4
Oy = —f — i)' (71)
Yi+

MNRAS 526, 1633-1645 (2023)

V. S. Beskin, A. Yu. Istomin and A. G. Mikhaylenko

we have for the number of photons generated by electron—positron
pair created by single curvature y-quantum having energy hw

3V3 ¢ do /me yie F(@' Jws)
Y+

4 wp o Ny —vi)'?

AN =2="= (72)
Here the absence of photons with a high frequency o' for given energy
of the curvature y-quantum Aw (which determines the maximum
frequency wj) is associated with a sharp diminishing in the function
F(w' /o) for @ > w,. Accordingly, an additional factor 2 takes into
account the fact that a secondary electron—positron pair is involved
in the emission of synchrotron photons.

Let us now note the following circumstance, which can signif-
icantly simplify our further calculations. Using relation (66), one
can easily find that the ratio of the characteristic frequency of a
synchrotron photon w; (68) produced by secondary particle to the
frequency of a curvature photon w producing this particle

ws 3By ho I,
® 8 By mec? R,

(73)

turns out to be exactly A~'. For this reason, the mean free path of
synchrotron photons must be A times greater than the mean free path
of curvature photons. Since A >> 1, we can neglect the difference in
the free path length from the direction of the synchrotron radiation
of photons within the radiation cone as they vary from (A + 1)/ to
(A — 1) ly. In other words, we assume that all synchrotron photons
emitted by secondary pair are radiated at the same height 4 as
the curvature y-quantum producing this pair. For the same reason,
defining wp through expression (68), we can put B = By (i.e. ignore
the correction associated with /# # 0), since synchrotron photons,
leading to the production of secondary pairs at & ~ R, will be emitted
near the surface of a neutron star, and synchrotron photons emitted
at h ~ R will not lead to the production of particles.

As a result, we finally obtain for 1D distribution of the second
generation particles dN(i2 )(x1) produced by single primary particle
moving along magnetic field line xo
27 e Bcr R() X0 dXL

327‘[2 hc B() R ()C()_XJ_)

o] 8max F
/ . x0) / Tr® / ©) N

(74)

ANP(x)) =

where we introduce two dimensionless variables g = y/y;+ and
£ = wlw,. Accordingly, &' = £'(g, £, x,, h) can be written down as
oo 102V BY R 1 CGox @) LA WRY o
7294/3A2 B Ro ¥3 xoy/Xov/xo — xL & eV/ei—1
There is no singularity at x; = xg in (74) as £ — oo for x; — xo.
Further,

4 By
gmax=3AB

Note that the violation of condition gn.x > 1, which occurs at
sufficiently high magnetic fields, corresponds to the well-known
regime of pair production at the lower Landau levels (Beskin 1982;
Daugherty & Harding 1983; Istomin & Sobyanin 2007), when the
synchrotron radiation of secondary particles actually no longer takes
place. Therefore, when the condition gn.x < 1 is satisfied, the
generation of secondary particles of the second generation does not
occur. Finally, as was already noted, the upper limit of integration
over h is largely determined by the growth of the function L(h).
Besides, distribution by Lorentz-factor y 1 looks like

L(xg, x1, h) f(h). (76)
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Figure 9. Density profiles Ag(ri) =

pulsars listed in Table 4.
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NO 27 ¢* By Ry xodys
£ (re) = 1 6n2he Be R
72 he BO R )/i
o) &max F
/ — Velh, xo)/ (5)/ (S) 1dg,
(77
where again & = w/w,, so that
1024 B2 R* 1 L*(h)f2(h 1+ h/R)3?
E(E, ya) = Bi R™ 1 LW f () y+ U +h/R) (78)

729A2 Bg Ry yg X0

§ gv/g2—-1 ’
Finally, if the secondary particles have 2D spatial distribution dN("
=n"D(ry, @,n)rodrodg,, within the polar cap, we obtain for 2D number

density of secondary pairs de ) — ni)(r 1y @urodride,

27 ﬁ&& b nWxZ dx

3272 he By R J,, x1(xo— x1)

o0 8max F
/ . x0) / =0 / ©) e

(79

2
(L, ) =

where here £ is again given by (75).

Fig. 5 shows the energy spectrum of the second (synchrotron)
generation for the same parameters as in Fig. 3. Accordingly,
Fig. 6 demonstrates the dependence of the efficient Lorentz-factor
ys = <1/y* >~13 on the distance x, from the magnetic axis. As one
can see, the power-law dependence nf) o yg ! is also fulfilled here
with good accuracy. Moreover, this dependence turns out to be quite
universal and independent of the generation.

Further, Table 3 shows the multiplication parameters A; and Ay for
two generations I and II for different values x, of a single primary
particle. We see that if for sufficiently fast pulsars (P = 0.8s) the
multiplication parameter Ay of the second generation significantly
exceeds the multiplication parameter A; of the first generation, for
pulsars located near so-called ‘death line’ (P = 1.2s), they become
comparable to each other. In the latter case, the magnetosphere
becomes transparent for most synchrotron photons, and therefore,
despite their numerous, only a small part leads to the production of
secondary pairs.

Next, Fig. 7 shows the total multiplication parameter
A = A1 + Aq for pulsars with periods P = 0.8s and P = 1s as a
function of coordinate x, of a primary particle. As one can see, this
sum models well enough the total number density n. = Ag(xo)ngy of
the secondary plasma. The dashed lines corresponding to fitting func-
tions of the form £ (xo) o x3 exp(— X /xz) show how well the relation
AMxg) xO holds for small xy. Accordingly, the solid lines show how
the parameter < w;,/y> > depends on x.

Finally, Fig. 8 shows the total (generations I and II) distributions of
the secondary particles as a function of their longitudinal 4-velocity
u in the plasma rest frame (< v’ > = 0) for two values xo = 0.5 and
0.8. Curve lines correspond to Jiittner distributions (Rafat, Melrose
& Mastrano 2019)

-py’
2K(p)’

with appropriate parameters p. Here y = [1 4 («')?]"> and f FG)du'
= 1. As we see, although the obtained distributions are close
to the Jiittner distributions, they differ in noticeable asymmetry
(Mikhaylenko et al. 2021). Wherein, for all values of x, (and for
pulsar periods P = 1s under consideration), the parameters p are
within 1 < p < 5, in full agreement with the results obtained by
Arendt & Eilek (2002). This implies that the temperature of the
secondary plasma T is less than the rest particle energy: T < m,c>.

Fu')= (80)
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Table 4. Parameters of triple O-mode pulsars discussed in this paper.

V. S. Beskin, A. Yu. Istomin and A. G. Mikhaylenko

B0329+54 B1700-32 B1804—-08 B2045—-16 B2111+46
P(s) 0.71 1.21 0.16 1,96 1.01
P_is 2.05 0.66 0.03 11.0 0.71
x () 30 47 47 46 9
B, 1.2 1.3 0.07 3.6 0.7
A 10* 60 4000 3500 110
k(12) 1.3 1.1 1.2 1.1 1.2

4 FORMATION OF TRIPLE PROFILES

Having determined, as we hope with sufficient accuracy, the number
density of the outflowing plasma, we can proceed to our main task,
namely, to determine the mean profiles formed by O-mode, taking
into account its possible refraction due to a significant decrease in
the density of the secondary plasma near the magnetic axis. Here,
we follow Hakobyan & Beskin (2014) who developed a method of
determining the shape of the radio image in the picture plane as a
function of pulse phase ¢. It gives the possibility to study the changes
of the size and the motion of the image along the picture plane. As to
the shape of the mean profile, it can easily be obtained by integrating
the intensity of the image in the picture plane. In addition, various
locations of the emission region r,g and energetic spectrum of the
secondary plasma can also be considered.

Thus, following Hakobyan & Beskin (2014) we assume that the
intensity of radio emission is proportional to the plasma number
density n.(r) at the radiation point r which, in turn, can be easily
determined knowing the number density profile (2) determined
above. Indeed, the noticeable refraction of the O-mode takes place
only at small distances from the star » < ro, where (Barnard & Arons
1986; Beskin et al. 1988)

1/3_1/3 p1/3_ -2/3
ro ~ 102R 1)y \ds BIY vl P13, (81)

For the pulsars we are considering, these distances are hundreds of
times less than the radius of the light cylinder Ry, = ¢/$2 ~ 10*R. This
allows us to restrict ourselves to the model of rigidly rotating dipole
which, in turn, makes it trivial to find the number density 7. at any
point within open field line region. Finally, as for all O-mode pulsars
listed in Table 1 the inclination angles are not too close to 90°, we
can assume the axisymmetric distribution of the number density of
the outflowing plasma, i.e. that g = g(r,).

Accordingly, the refraction of the O-mode and, hence, the mean
profile of the observed radiation also depends significantly on the
plasma number density. Thus, the density profile of the outflowing
plasma (2) is our first most important parameter of the problem
under consideration. We emphasize once again that, in contrast to
all previous works, the density profile discussed here is not a free
parameter, but is determined self-consistently.

Figs. 9 show the density profiles Ag(r,) = (A 1 + An) g (r1) of
five O-mode pulsars listed in Table 4. Dashed lines correspond to
fitting curves used in further calculations. As we see, in all cases the
dependence g(r,) oc 3 for small r, is fulfilled with good accuracy.
As for the violation of this relation for two pulsars B0329+4544 and
B1804—08, this property, as was already noted, is due to their small
periods P. In addition, Table 4 contains the values of the multiplicities
A and the factors k (12) which determine power dependency y (r) o
rll (12); this relation, as shown above, is executed with good
accuracy.

The second key parameter is the width of the beam for each
radiating element relative to the direction of the magnetic field, 6 ,q.
We took this angle to be 8, = ¥ ~!(r1), where y(r,) is the mean
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Lorentz-factor corresponding to given magnetic field line. Note that
the self-consistent dependence of the Lorentz-factor on r, is also
taken into account here for the first time. Thus, as we associate the
observed radio emission with the outflowing secondary plasma, we
assume in what follows that the radiation intensity is proportional to

d(6y) = exp(—y°6;), (82)

where again 6y, is the angle between the magnetic field line and the
direction of the beam propagation.

Thus, due to the factor d(¢) emission intensity of a chosen ray
can be gained only if a ray almost touches a field line. So, if one
assumes that all radio emission is produced on a fixed height, only a
small fraction of open field line region will be able to emit towards
observer. In this case mean intensity profiles should be heavily
distorted and overall luminosity should be too weak. Therefore, a
broad emission region model was chosen and an additional cutoff
factor which models inability to produce radiation far from the star
was introduced in a form:

r2
] . (83)

h(r) = eXp {—W

Here A > 1 which implies a fairly extensive emission region. It
should be stressed once again that while there is no specific emission
height in this model, each ray gains its intensity in a small region
around specific height determined by the field lines geometry due to
d(0) factor.

If one also assumes that emission intensity in a given point of
magnetosphere is proportional to a plasma density, overall intensity
from a one ray can be calculated as follows:

I= / g (ru) h(r)d(0)dl (84)
()

Here an integral is taken on a ray trajectory.

Considering now parallel rays that simultaneously intersect a
screen (the picture plane) perpendicular to the direction toward the
observer, we can, by integrating equations of geometric optics

dr _ 3(k/ny)

d— ok

dk  (k/ny)

U= o (85)

back to the rotating neutron star, determine the relative intensity of the
rays passing through various points of the screen. Here, the refractive
index n, = ny(ne, Oy) is determined by relation (1). Wherein, different
times of the beginning of integration can be easily associated with
the observed phase of the pulse ¢. In this work, we do not discuss
the shape of the image itself and its motion in the picture plane
(see Hakobyan & Beskin 2014 for more detail), giving only the
dependence of the total intensity on the pulse phase ¢. It should
also be mentioned that here we do not take into account cyclotron
absorption.
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Figure 10. Comparison of the computed profiles with the observed profiles
of pulsars, whose three-hump profile is formed by the ordinary O-mode. For
each pulsar, all used parameters are indicated.
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Using all the above results now, we are ready to determine the
mean profile for each of the five pulsars. They are shown in Fig. 10.
As one can see, in four out of five cases there is excellent agreement
between the synthesized and observed three-hump profiles. And this
is despite the fact that we have considered a fairly simple model of the
generation of the radio emission. Hence, we can confidently conclude
that the central peak in triple pulsars, whose mean profile is formed
by the ordinary O-mode, can easily be explained by its refraction
in an inhomogeneous plasma outflowing along open magnetic field
lines in the pulsar magnetosphere.

As for the parameters used in modelling, we should make some
clarifications. First of all, multiplicity parameters were taken suffi-
ciently larger than it follows from the theoretical calculation. That is
due to the fact that only two generations of secondary particles were
taken into account. From the numerical calculations it follows that
multiplicity should be ~103 to produce significant mean hump. The
other parameters used in program only slightly differ from given in
Table 4.

Another uncertainty was related to inclination angle x. As its
value is almost impossible to determine with enough precision it
was chosen to match profile width with observational data. Finally,
a magnetic field is also dependant on x angle and thus can be only
estimated.

5 CONCLUSION

Thus, in the development of the idea proposed by Lyubarskii &
Petrova (1998) and Petrova & Lyubarskii (2000), we have shown that
the triple mean profiles of radio pulsars can be easily explained by
the refraction of the ordinary O-mode in the pulsar magnetosphere.
The essential advance here was that we used much more realistic
particle number density and energy profiles than have been done so
far.

It should be stated once again, that the main goal of this numerical
study was to show qualitative similarity between observations and
proposed theory. Quantitative correspondence is not feasible within
this framework because some important effects were not considered.
First of all, it does not follow from anywhere that the radio emission
profile repeats the density of the emitting plasma. Further, the
simplest model of a rotating dipole was used, which is obviously
not valid for millisecond pulsars. Finally, it must be mentioned that
here we did not take into account cyclotron absorption, Which, as is
well known (Melrose & Luo 2004; Beskin & Philippov 2012), can
significantly distort the mean profile. We intend to take into account
all these circumstances in the next work.

Separately, it should be noted that a quadrupole (Barnard & Arons
1982) or small-scale (Kantor & Tsygan 2003; Barsukov, Goglichidze
& Tsygan 2016) magnetic field can significantly affect the plasma
density profile. However, this issue requires a separate detailed study.
Therefore, here we confine ourselves to only one remark about the
conditions for a significant change in the curvature of the magnetic
field lines in the plasma generation region.

As shown in Appendix A, the influence of a quadrupole magnetic
field remains negligible for small enough ratio b, = B,/By < 0.1. In
this case, the field line passing through the ‘polar cap’ on the surface
of the neutron star, at large distances, where the field can already
be considered purely dipole, shifts only within 10 per cent of the
size of the open field line boundary. On the other hand, for larger
values of b, > 0.1, the curvature radius R, at the base of open field
lines becomes almost constant; in this case our consideration already
ceases to be fair.
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Summing up, we note that despite all the simplifications made in
our work, we managed to achieve a fairly good agreement between
the predictions of the theory and the observational data. We hope
that in the future this line of research will indeed make it possible
to reproduce the average profiles of radio pulsars with sufficient
accuracy, and, consequently, to determine the physical conditions in
the region of their generation.
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APPENDIX A: QUADRUPOLE CORRECTION

In this appendix, we consider only the plane containing the dipole
and quadrupole axes; as the magnetic field lines also lie in this plane,
the question of their curvature is greatly simplified. Indeed, for a
plane curve, the curvature radius of the magnetic field line can be
written as (Korn & Korn 1968)

R = 1/|(kV)k| = 1/]h x [V x h]|
r

" |hg + rdhy/dr — dh, /06|

where h is the unit vector along the magnetic field line (k = B/B).

Using now the explicit expressions for the dipole and quadrupole
magnetic fields

(AD)

R? 2 R*

B, = Bocoser—3 + By[3 cos*(6 — 6p) — l]ﬁ’
R3 4

By = Bysinf — + B, sin(8 — 6y) cos(0 — 6p) —, (A2)
2r3 rt

where 6 is the inclination angle of the quadrupole axis to the dipole
magnetic axis, it is possible to determine both the unit vector & (and,
hence, the curvature of the magnetic field lines) and the shape of
the polar cap on the surface of the pulsar. Here, we assume that the
region of open field lines at large distances from the neutron star
coincides with one for a pure dipole.

As expected, the additional quadrupole magnetic field results
in a shift of the ‘zero’ magnetic field line, i.e. that field line
which has infinite curvature radius at its base » = R. As shown in
Fig. Al, significant shift occurs when the ratio by = By/B, exceeds
10 per cent.
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Figure Al. Curvature radius R, at the base of the field lines (i.e. for r = R)
as a function of their angle 6 at large distance r = 100 R, where the field can
be considered purely dipole.
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